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Active lightweight continuous mirrors such as deformable membrane mirrors provide the capability to form
conjugate surfaces that are effective for removing atmospheric distortions of an incoming wave front. Ongoing
research for membrane mirrors for space telescopes has highlighted the need for a simple transformation between
Zernike basis functions used by the optical community and the physically realizable dynamic modes of a membrane
telescope more commonly recognized by the structural engineer. Perfect surface control would have authority to
command both Zernike and vibration-mode shapes. However, the basis functions are incongruent in terms of
boundary conditions. The research herein attempts to provide a simple tool for reconciling this otherwise imposing
incompatibility. This paper provides design criteria for establishing achievable surface-deflection performance
inside of a clear-aperture region for a preselected number of desired Zernike polynomials and a number of retained
quasi-statically-actuated vibration-mode shapes. The methodology, coined the ‘“modal transformation method” by
the authors, is contrasted with a direct projection method in an applied example performed on a MSC.Nastran
nonlinear finite element model of a piezoelectric-actuated deformable membrane mirror.
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projection theorem coefficient
piezoelectric coefficient

Napier’s constant, ~2.718

indicator function representing the area of the ith
electrode

= distance from the neutral axis

mth-order Bessel function of the first kind
= piezoelectric forcing
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weighting matrix
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We, = vector of vibration modes of frequency m with
cosine angular dependence
w, = vector of asymmetric vibration modes
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Wy, = vector of vibration modes of frequency m with
sine angular dependence

Wwi(r, 0)¢ vibration-mode shape with cosine behavior

Wi(r,0)s = vibration-mode shape with sine behavior

Wi(r,0), = vibration-mode shape with axisymmetric behavior

w = out-of-plane surface displacement

Zc, = vector of Zernike modes of frequency m with
cosine angular dependence

Z; = ith Zernike polynomial

z, = vector of asymmetric Zernike modes

Zg, = vector of Zernike modes of frequency m with sine
angular dependence

() = intermediary vibration transformation-matrix

coefficient

B = nth zero of the mth-order Bessel function

i = Kronecker delta

€ = error bound

0 = azimuthal coordinate, rad

K = index of the truncated polynomial

A = separation constant

v = Poisson’s ratio

P = mass density per surface area

10} = natural frequency

I. Introduction

HE active surface shape control of deformable membrane

mirrors is of interest to researchers developing the next
generation of spaceborne telescopes. Whether used for terrestrial
observation or celestial discovery, the performance of spaceborne
telescopes is ultimately governed by the size of their light-gathering
aperture. Future telescopes are envisioned with apertures tens of
meters in diameter. This leap in scale must overcome the packaging
limitations that have heretofore restricted today’s meter-class mirror
diameters. These large telescopes must be designed and fabricated to
allow for collapsed packaging that may be then unfurled once in
orbit.

This class of collapsible large-scale space-based reflectors was
outlined by Agnes and Dooley [1] and is proposed by NASA for use
in the L2 observatory [2]. For these conceptual designs, the mirror
retains its shape primarily by acting as an edge-tensioned membrane
with embedded active elements for fine-surface shape control. Other
strategies for prestraining a mirror include using an intrinsic tension
field [3,4], pressurizing a lenticular vessel with membrane surfaces
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[5-7], or combining the pressurized lenticular with radial-tensioned
cables for figure control [8]. Initial proof-of-concept efforts at the Air
Force Institute of Technology have concentrated on the fabrication
and design of small-scale flat demonstrator mirrors, such as those
pictured in Fig. 1.

Although the research provided herein was initially conducted to
correct surface errors on large-scale spaceborne membrane mirrors,
the control concepts used on the demonstrator mirror could
universally be applied on any two-dimensional membrane mirror in
an optics application. For any circular aperture, the two-dimensional
surface corrections these mirrors must impart on an incoming wave
front are most often described by a truncated set of Zernike-
polynomial basis functions. Simultaneously, there exists a
requirement in active lightweight membrane mirrors to resist the
effects of vibration disturbances that could build at resonance and
adversely distort the membrane surface. The spatial content of this
motion is typically described by a finite set of Bessel-function-based
vibration modes below a frequency of interest. To control the
vibration modes it is advantageous to actuate the same shapes for the
purpose of attenuation.

The modal transformation method presented herein provides a
simple algebraic transformation that is unique to this class of
problem. A significant advantage of this technique is that it addresses
the problem of the incompatible edge condition between the Zernike-
polynomial basis set and the fixed-edge condition of the membrane
mirror by introducing a definitive term for the usable region of the
membrane mirror.

II. Background

Active quasi-static shape control of circular apertures to produce
Zernike-polynomial surfaces has been explored by a myriad of
researchers. A review of the Zernike-polynomials basis set follows,
but for now it suffices to say that Zernike polynomials will always
have some displacement at their boundary, and the tensioned-
membrane structures envisioned in this application are characterized
by a fixed, nondisplacing, boundary. This incompatible boundary
condition has led to a series of case studies in which performance was
either overly optimistic in the case in which the boundary condition
was ignored or artificially limited when the boundary condition
negatively influenced the results.

Wang and Hadaegh [9] presented the problem of surface control
for a circular deformable mirror in terms of any orthogonal basis set
and provided an example in which a circular membrane mirror is
controlled by electrostatic actuators to form the axisymmetric
Zernike shapes. The research did not account for a constrained
boundary and thus promised aresult not realizable with a fixed-frame
membrane mirror.

Forming Zernike shapes on electrostatic membrane mirrors
(mirrors that are forced by electrostatic attraction between electrode
pairs on the mirror and a backing plate) has long relied on iterative
techniques and calibration curves. Claflin and Bareket [10] published

Fig. 1 Five-inch membrane mirrors at AFIT.

a basic least-squares fitting technique in 1986. Tokovinin et al. [11]
presented the experimental results of a 50-mm 79-actuator
electrostatic membrane mirror for which only the interior 35-mm
“pupil” was actuated. The solution methodology of using numerical
solutions to Poisson’s equation (the governing equation for
membrane structures) with an unused transition zone between the
measured interior area and the fixed membrane boundary showed the
difficulty of using membrane mirrors to make Zernike shapes.

Flint and Denoyer [12] showed the feasibility of using in-plane-
actuated mirrors to produce Zernike-polynomial mode shapes again
on some interior region of a circular membrane. Their results showed
the promise of the mirror type but were tempered by difficulties in
computing influence functions due to numerical instabilities.
Another observation of Flint and Denoyer’s work was that the
Zernike-mode shapes were best observed when the interior 80-90%
of the circular aperture was used for Zernike formation, and it
highlighted the need for resolving the incompatibility of a Zernike
surface with a membrane mirror. A similar membrane construction
was explored by Rogers and Agnes [13]. By exploring only
axisymmetric cases and not attempting to individually actuate
Zernike-mode shapes, the cases under study did not reveal the nature
of the incompatible boundary conditions.

The purpose of this paper is to cast the surface control problem to
one in which the desired surface shape expressed in terms of Zernike
polynomials inside of a region that we will define as the “clear
aperture” can be achieved by the use of statically actuated vibration-
mode shapes (the Bessel-based functions that satisty the fixed-edge
condition). The terminology clear aperture was used in a figure in a
1977 work by Pearson and Hansen [14] to describe an area on a
deformable mirror from which data were taken and thus is similar to
our purpose. A notional mirror is displayed in Fig. 2, which shows a
Zernike tilt surface deflection achieved inside of a clear-aperture
region.

To achieve static surface control, an analytical formulation
designated by the authors as the modal transformation method is
developed. A brief outline of the technical development in the paper
follows:

Section Il reviews the two commonly used basis sets to describe a
circular aperture. The Zernike-polynomial basis set is favored by the
optics community, and the Bessel-based vibration-mode set is
applied to physical solutions of the partial differential equation
modeling a tensioned membrane. The fundamental premise of the
modal transformation method is to cast the problem of obtaining
Zernike polynomials by using a linear combination of statically
actuated Bessel-function-based vibration modes.

Section IV develops the transformation matrices for the radial
behavior of the Zernike polynomials and approximated vibration
modes in terms of an intermediary radial polynomial basis. The
vibration modes must be approximated due to the infinite series
representation of the Bessel functions; thus, convergence and
associated truncation error for a maximum radial polynomial degree
is investigated.

Section V outlines the modal transformation method. The method
is inspired by the projection theorem and an existing analytical
relationship between the Zernike polynomials and the Bessel
functions. The transformation matrices of the preceding section are
combined and scaled to allow for increased accuracy inside of an
interior clear-aperture region. Numerical issues with the trans-
formation matrices are explored.

Section VI shows the significance of the methodology. The results
are applied to a deformable membrane mirror modeled with finite
elements in MSC.Nastran that uses piezoelectric in-plane actuation
to create changes in surface curvature. Advantages in ease of

Fig. 2 Notional mirror with a surface tilt deflection achieved inside of
the clear aperture.



278 SHEPHERD ET AL.

numerical computation of actuator gains, combined with theoretical
apriori knowledge of expected error, are shown. Specifically, surface
error is shown to be a function of design criteria such as mirror
diameter, fineness of actuation grid, diameter of the clear-aperture
region, and order of the Zernike mode achieved. These results
directly enable design trade studies in terms of acceptable surface-
error values.

III. Basis Sets for Circular Apertures

Deformable membrane mirrors are employed to form conjugate
surfaces to remove distortions in an incoming wave front. For a flat
circular aperture, the two-dimensional surface corrections are most
often provided in the form of a scaled truncated set of the Zernike-
polynomial basis functions. Simultaneously, there exists a
requirement in lightweight membrane mirrors to actively resist
dynamic effects that could build at resonance and adversely distort
the membrane surface, which are typically modeled as a finite set of
Bessel-function-based vibration modes below a frequency of
interest. However, Zernike modes and vibration modes fundamen-
tally differ in that a Zernike mode always has a vertical displacement
at the edge, whereas the vibration mode does not displace vertically
from the mirror frame (edge). Pictorial representations for Zernike
and vibration modes are provided in Tables 1 and 2, respectively.

Inspired by the understanding of the pictorial representation of the
two basis functions, we begin this section with a discussion of the
mathematical properties and notation associated with the Zernike
polynomial, and a matrix representation of the Zernike polynomials
is derived. The vibration modes are then reviewed for a circular
membrane, and an analogous matrix representation is created, with
the primary difference being that the matrix was formed from a
truncated subset of the infinite series representation. Next, a direct
Zernike-to-vibration-mode transformation is created, both in integral
form and then using radial coordinates. Definition of a clear-aperture

region (an interior region on a circular aperture in which Zernike-
mode shapes will be formed) is then proposed and a series of
examples follow.

A. Definition of the Zernike Polynomial

The optics community has used the modified set of Zernike
polynomials, as first defined by Noll [15], to describe aberrations in
an incoming wave front. The Zernike polynomials Z; are orthogonal
over the interior of the domain of circular aperture of unit radius
through the relationship

2w 1]
/ /—Z,-Z,-rdrd@z&-,- (1)
o Jo T ’ ’

where §;; is the Kronecker delta. The polynomials Z; are defined as

Zevenj = AJR) cos m0)
Zogaj = AR sin m } m#0 2
Z,=A'Ry,  m=0 ?3)

with A" is the normalization constant, and R!' is the radial
polynomial for azimuthal frequency m and radial degree n. The
radial polynomial R} is defined as

(n=—m)/2 sty _
Rin= Yy CDRIOL e

— slim—s)l(n—m—s)!

where the values of the azimuthal frequency m are less than or equal
to the radial degree n (m <n) and n —m is even. The radial
polynomials are presented in Table 3 [15].

The normalization constants A are defined to maintain the
orthonormal relationship with respect to the weighted function in
Eq. (D:

Table 1 Pictorial representation of Zernike-mode shapes
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Table 3 Radial polynomials R
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A= 2(n+ 1), m#0 ©)
Ar=/(n+1), m=0 6)

The normalization constants are the coefficients of the terms in
Table 4. The Zernike polynomials may be alternately referred to as
Zernike-mode shapes, recognizing that for the purpose of this
document, the Zernike-mode shapes represent desired surface
deflections.

B. Definition of Vibration Modes

Although the Zernike-mode shapes represent the commanded
desired static shapes that we wish the circular aperture to obtain, the
dynamic motion of the circular membrane is governed by vibration-
mode shapes. The vibration-mode shapes represent the eigenfunc-
tions associated with the natural modes of the system. The vibration-
mode shapes of the uniform circular membrane of radius
(0 < r < R), edge tension 7', mass density per surface area p, and
edge (boundary) condition w(R, 0, r) = 0 may be found by solving
the partial differential equation

TV2w(r, 6, 1) — pii(r, 0, 1) =0 %)

through a separation of variables in which the separation constant
A = ? is such that the spatial mode equation may be written as

V2W(r,0) + BW(r,0) =0, B= 'OT“’z (8)

Using the separation-of-variables technique to simplify the partial
differential equation for the case of a pinned boundary
[W(R, 6) = 0], the static mode shapes are obtained. The derivation
may be found in a structural dynamics textbook, such as the text by
Meirovitch [16]. The mode shapes are

Wi (r, 0)c = B2, (Bunr) cos mb, mn=12,... (9
Wit (r,0)s = Bi'J,,(B,u,r) sin mb, mn=1,2,... (10)
W,?(r, 9)=Bg]0(ﬂ0nr), n=12,... (11)

where

. V2
" \/n_pR(‘Im+l(,8mnR)) '

m=12,... (12)

1
B = ki "0 (13

The indices m and n represent the azimuthal frequency and radial
frequency, respectively. The radial frequency is actually the nth zero
of the associated mth-order Bessel function and may be thought of as
the number of times the Bessel function crosses the radial axis
between the center of the membrane and the boundary.! The
vibration modes of the circular membrane are orthogonal through the
relationship

27 R
/ / P ”;}qujrdrdé = 5118/71])8114 (14)
0 0

IThe vibration-mode shape always satisfies the boundary condition of zero
displacement at the boundary through the condition J,,(8,,,R) = 0.
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Table 4 Zernike polynomials using Noll’s ordering [15], in which R} are defined as in Table 3

m=0 m=1 m=2 m=3 m=4
n=0 Z, =R} —_— —_— —_— —_—
Piston
n=1 — Z, = 2R cos 0 — — —
Z; =2Rlisin6
Tilt
n=2 Z, = \/3R) — = V/6R2sin 20 — —
Defocus Zg = \/6R} cos 20
Astigmatism
n=3 —_— Z; = /8R}sin 0 — Zy = +/8R}sin 30 —
= /8R}cos 0 Zo = /8R3 cos 30
Coma
n=4 Z,, = ~/5RY Spherical — Z,, = v/10R? cos 26 — Z,4 = v/10R} cos 40
Z3 = ~/10R} sin 20 Z,s = ~/10R} sin 46
n=35 — Z16 = ~/12RL cos 6 —_— Z5 = ~/12R} cos 36 —

Z7=+/12RLsin6

Zig = +/12R?sin 30

IV. Matrix Representations of Modal Transformation

In this section, we formulate a matrix representation of the radial
Zernike-polynomial and vibration-mode basis sets (note that the
azimuthal, or angular, behavior is identical for both basis sets). To do
that, the radial behavior of each basis set is cast in terms of an
intermediary polynomial basis. Because the Bessel-function
component of the vibration modes consists of an infinite series in
the intermediary basis, the resulting modes are therefore an
approximation to the vibration modes, subject to truncation error.

A. Zernike Transformation Matrix for a Given Azimuthal
Frequency

Equation (3) terms Aj, R, may be written in a summation form in
which the coefficients are as given in Table 3. For a given azimuthal
frequency m, the summation will have the form in which each row
represents the maximum radial degree of the polynomial:

N
AR = Z(a;’,","")) r2kpm

=0
— ( (m.n) + a(m 1) 72 4+ oo 4 0%11”1)}'”7’”)}'"11

T

aém,n) 1
ay"™" r?

= o (15)
axn.n) 72N

Furthermore, we can write a series of equations for a given azimuthal
frequency m that encompass all radial degrees from m to a maximum
degree of n such that

m m
ALRS
m+2 pm+2
ALTOR
AN RmaN
(m - . (16)
2 2
(m m+2) a;m,m-%— ) r2
= . rn'l
(mm+2N)  (m.um+2N) (m.m+2N) 2N
ay a; oy

The Zernike transformation matrix A% may therefore be defined
as the lower diagonal transformation matrix of size N + 1 x N + 1
for an azimuthal frequency m with a maximum polynomial degree
2N + m from above. AY; is here defined as

almm
(m.m+2) (m,m+2)
Am=| % as
N=
(m,m+2N) (m<rr.z+2N) (m,m+2N)
do a ary

B. Vibration-Mode Transformation Matrix for a Given Azimuthal
Frequency

It is our desire to expand the vibration-mode shapes from
Sec. II.LB. We will accomplish this by creating a vibration-mode
transformation matrix for a given azimuthal frequency. To obtain our
transformation matrix, we begin by writing the series representation
of the Bessel functions in terms of bookkeeping coefficients a(m "

[ D GBwmn)*
Jm(:anr) - (Eﬁmn ) Z (k _{_zm)'k!

00
Z (m.n) Detm <a(()m.n) + agm.n)rz 4 ‘)rm
k=0
1
— [agn,n) Cl(zm,n) . ] r2 e (17)

Next, we apply the vibration-mode-shape normalization

coefficients from Egs. (12) and (13) such that b;’,:”") B'a ('" ")

and arrive at

B:zn‘]m(ﬂmn Z(b(m n))rz"r"’ = [b(()m,n) b(zmn) ] r2 i’m
(13)

We desire a transformation matrix analogous to Eq. (17) for a
given azimuthal frequency m. Therefore, we construct a series of
equations from Eq. (18) such that

B, (B ) by by

Bgz‘]m (ﬂmZ r) b(()mZ) bng) e 7'2 rm (19)

We then construct a series of N + 1 equations and truncate the
approximations to a maximum radial polynomial degree of 2N + m.
The equations are
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BT, (Buir)
Bgl]m(ﬂnﬂr)

B%Jrl‘]m (ﬂm(ZN) r)

b(()m,l) b;m,l) bgrlr\tl,l) 1
b(()m,Z) bgm,2) . b(zp;\112) r2
~ o™ (20)
(m,N+1) (m,N+1) (m,N+1) 2N
b() bZ bZN r

From Eq. (20), we define our N 4+ 1 x N + 1 vibration modal
transformation matrix B} as follows:

(AR
b m, b m, . b m,
By=1| " g o @

(mN+1) (mN+1) (m.N+1)

B b bl
The invertibility of the matrix Bj is discussed in Sec. V.D.
Furthermore, the Bessel terms in Eq. (20) will only be correctly
represented to the precision shown in the next section.

C. Convergence of the Bessel (Alternating) Series and Associated
Truncation Error

Our goal is to be able to transform information of the surface
deformation from our Zernike subspace to vibration modal
coordinates and vice versa. To write the Zernike polynomials in
terms of the modal coordinates, we will need a finite expression of the
Bessel functions in our intermediate coordinate system of radius and
azimuthal angles.

By definition, the Bessel functions may be written as the series
[17]

1 k r 2k
Jm(ﬂ,,mr)z(%ﬂm) Z( (k) fﬁ ;”,"k,) (22)

For the symmetric modes, m = 0 and Eq. (22) may be reduced to

k 2k
Jo(Bour) = Z EDGAwn™ 23)

12
— k!

For instance, the first zero of J,(fR) = 0 is By, = 2.4048/R and
the infinite summation in which 7= r/R (representing the
normalized mirror radius):

Jo(2.40487) = 1 — 1.44587 + 0.522587 + O(F%)  (24)

Returning to the general case of any nonnegative integer m, to
accomplish our desired transformation, we must approximate the
Bessel functions by a truncated series. We note here that in the future
sections we will directly relate the Zernike modes with the Bessel-
based vibration modes. The two basis sets have exactly the same
azimuthal behavior. Thus, it is the error in the radial terms that will
contribute to the overall error in the relationship. To this end, the
degree of truncation is estimated to ensure accuracy to within some
approximation tolerance €.

Begin by defining

P _ =l (_l)k(%ﬁmnr)Zker
BS(Bunt) = ;W (25)

where, again, 7 = r/R. From this point, we will drop the tilde,
realizing that our r is a normalized value. Note this is simply the first
k terms of the Bessel series.

Next, choose k such that

|‘Im(ﬂmnr)_B)r(n(ﬂmnr)| <€ (26)

Because the Bessel function is an alternating series, the error in
truncating the series is no worse than the first term neglected. The
error of Eq. (20) is therefore bounded as

. (B
|Jm(ﬂmnr)_Bm(ﬁmnr)| Sm (27)
Further, because m > 0, we have
(% ﬂmn r)2K+m (% ﬂmn r)ZKer (28)
(k + m)!k! (x!)?

For large values of «, Stirling’s formula may be used to simplify
large values of the factorial expression «!:

K! & ke " 21K (29)
Applying Stirling’s formula, the magnitude of the error becomes

eZK (% ﬂmn r)2K+m

27TK2K+1 <€ (30)

Upon further simplification, our error-bound formula is

G Br)" (ﬂ ) ¥ e (1)

27K 2K

This truncation error represents an error bound on the radial
portion of the truncated modes. In future constructs when
approximating Bessel functions, enough terms should be chosen so
that this error is negligible.

V. Modal Transformation Method for Circular
Apertures

In this section, a method is developed that allows Zernike surfaces
to be projected on an interior region of a circular aperture by a linear
combination of Bessel-based vibration-mode shapes. In short, by
comprising a desired optical surface in terms of physically realizable
mode shapes, steady-state surface control should be readily
achievable.

A. Projection of the Zernike Modes onto the Vibration Modes

The Zernike polynomials of Sec. IILLA are related to the Bessel
function of the first kind by the formula presented by Noll [15]:

RI(r) = 2m(~1)0m)2 / L@, CrE e (32)
0

Therefore, we expect it is reasonable to express Zernike-mode
shapes in terms of vibration-mode shapes. To do so, an approached
was developed based upon the orthogonal properties of the two basis
sets and the projection theorem.

B. Existing Analytical Relationship
To define a Zernike mode in terms of a vibration mode, first
consider the case of the axisymmetric modes. We desire

o0

=Wy 33)

n=0

Therefore, we may write (assuming both mode shapes have been
normalized to the same unit radius) the coefficients based upon the
projection theorem as

0 _ ST Je U/ YmZi ()W (r)r drdf
" 2 [T(WI(r))?rdrdé

(34)
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noting that there is no dependence on 6 such that the azimuthal
integral term is replaced by the quantity 2. The term 1/./7 is
required because Noll’s [15] scheme as presented in Eq. (1) requires a
linear weighting, which is equally distributed among the Zernike
modes in our relationships. Further note that the vibration modes are
already normalized; thus, Eq. (34) reduces to

=2 A 1 %Zi(r)w,?(r)rdr (35)

Substituting the results of mode-shape equations (11) and (13) with
unit density (and R = 1) yields

OB

" (Bon)

The approximation of the piston Zernike mode using a linear
combination of the first 20 axisymmetric vibration-mode shapes
from the projection theorem as developed in Eqgs. (33-36) is
presented in Fig. 3.

From this section, we make the following observations. In Fig. 3,
even with a linear combination of 20 mode shapes, we observe nearly
20% error at a normalized radius of 0.9-1.0. Also, the representation
is computationally intensive due to numeric integration. Thus, we
seek a simpler solution in which integration is avoided and a bound
on relative error may be forecast.

/l Z:Jo(Bo,r)rdr (36)
0

C. Zernike-to-Vibration-Mode Matrix Transformation

Although Eq. (33) allows the Zernike modes to be written in the
form of integral equations, we may alternately apply the results of
Secs. IV.A and IV.B to write an approximate modal transformation.
Begin by defining a vector of Zernike and vibration modes for a given
frequency for radial degrees up to 2N. For simplicity, we define the
axisymmetric case:

RY 1
V3R) r
Z,= _ —ayd 37)
V2N +1RY, N
and
wy
Wi 72
Wo=1 0 t=83{" (38)
Wi r2
Solve for radial vector { 1, 72,..., N }T in Eq. (38),
1
2
. =(BY)'W, 39)
Sy
2
—Modal surface
- --Zernike
1.5
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r

Fig. 3 Piston Zernike mode Z; approximated by a linear combination
of the first 20 axisymmetric vibration-mode shapes.

and then substitute into Eq. (37) to yield the expression
Z,=AY(BY)"'W, (40)
Through a similar manner, write the nonaxisymmetric equations:

Zg =ARNBY)'W¢, (41)

m

Zc, = AJ(By) "Wy

m m

(42)

where the modal vectors of length N + 1 are composed of modes of
axisymmetric mode shapes (Z, and W), modes with cosine angular
dependence of frequency m (Z¢, and W ), and modes with sine
angular dependence of frequency m (Zg and Wy ).

D. Near Singularity of the Modal Transformation Matrix

The modal transformation matrix By} is most conveniently applied
by defining it as a square matrix in Sec. IV.B, so that its inverse in
Sec. V.C is unique. Nonsquare issues addressed with the
pseudoinverse are not included herein.

The size of BY; is determined by the number of (or highest degree)
of vibration modes that the designer will be able to actuate: those
modes are essentially dependent on the fineness of the actuator grid.
The value of N should be large enough so that actuated modes are
represented with a small-to-negligible truncation error, as derived in
Eq. (31). However, the resulting Bj} is ill-conditioned and is not
readily invertible for large values of N. A method for decomposing
the matrix into a diagonal matrix N and remaining components E;{',
was applied to allow inversion on 32-bit processors for values of
N <20.

Begin by defining

Bl = NB! 3)
where the diagonal elements of N are defined as
N = (BY) (44)

The remaining offdiagonal elements of N are zero. Thus
constructed, much of the ill-conditioned nature of BY; is shifted to N,
for which an analytical inverse readily exists.

As a simple example, for the case in which N =2 and m =0, p
and R are normalized to 1, and the factor 1/./7 is removed, the
matrices are

10868 —1.5712  0.5679
By =| 16581 126310 —24.0552 @5)
2.0784 389115 182.1229
~ [roses 0 0
N=| 0 126310 0 (46)
0 0 182.1229
) 1.0000  —1.4458  0.5226
By =|-01313 1.0000 —1.9045 @7
0.0114 02137  1.0000

In this example, the original condition number of B} is reduced from
240.9 to 21.3 and the condition number of N is 167.5831, of little
impact due to the ease of inverting N analytically, allowing
(B~ =) '(BY) .

E. Defining a Clear-Aperture Control Region

To this point, every effort made focused on projecting a Zernike
space onto a Bessel-based vibration-mode space. A valiant effort, yet
one that will prove frustrating due to the incompatibility of the
boundary conditions for these competing basis sets. To avoid this
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inherent difficulty, it is proposed to define a clear-aperture region as a
subspace of the Bessel-based vibration-mode space. Simply stated,
the clear-aperture region will be a circular region with some radius
a < R, as was first introduced in Fig. 2. Defining the scaled variable
7 = r/a for the Zernike polynomials in this subspace and noting that
on the clear-aperture boundary 7 =1, we relate the polynomial
vector { 1,72, ..., 7 } to the radial vector { 1, 72, ..., r* } with the
diagonal matrix S}. The matrix S} is

Sh=— . 48)

such that

P2oapm=[S]q P (49)

;}.ZN 2N

Again, as in previous sections, the transformation matrix is for an
azimuthal frequency m with a maximum polynomial degree
2N + m. For Zernike shape control of the clear-aperture region, the
governing equations (40-42) scale to become

Z,=A}SY(BY)'W, (50)
Zs, = ANSK(BY) "W, (51)
Zc, = ANSK(BR) Wy, (52)

F. Application of the Modal Transformation Method

With the underlying theory thus provided, a series of specific
application of the modal transformation method for circular apertures
is presented to show the applicable design criteria for deformable
Mirrors.

To begin, the method is compared with the projection theorem
used in Sec. V.A. In Fig. 4, the radial behavior of a surface composed
of the first 20 axisymmetric vibration-mode shapes is constructed to
approximate the axisymmetric defocus Zernike mode,
Z, = ~/3(2r* — 1), over the entire surface (effectively, the clear
aperture as previously presented is set to its maximum value of 1). In
Fig. 4a, the representation is constructed using coefficients from the
projection theorem, and in Fig. 4b, the coefficients were generated
using the modal transformation method for N = 20. The error
between the desired Zernike surface and the vibration modal
representation was calculated using the discretized weighted
Euclidean norm.

The discretized weighted Euclidean norm || - ||, in cylindrical
coordinates for radial grid spacing Ar and azimuthal spacing A6 is

4
—Modal surface
- --Zernike
2 o]
= <
N
0
_ol
0 0.5 1

a) Projection theorem

o=

N
If —glla = (Amez I 276) — (s 2n9i>]2) (53)
i=1

Assuming a circular domain with unit radius, this limit of the vector
norm as the step size decreases yields the functional 2-norm:

2 1 %
sl —gllA=( "/ Lf—glzrdrde) = If = gl
(54)

This result will give us a stable error term to use. Compare this norm
to the familiar root-mean-square error, which does not account for
the weighting factor r; and does not readily account for differing grid
spaces on orthogonal axes within the vectors themselves:

WA }
Erms = N (;[fz - gi]z) (55)

Further note that in some cases presented, only radial error is
reported, and thus the azimuthal terms (6 dependence) is not
required.

With the clear aperture thus set to 1, the projection theorem results
in the smaller error between the desired surface and its modal
representation (in this example, the error values were 0.1753 versus
0.3585) and represents the best achievable performance for the linear
system when mapped over the entire domain. However, the shape of
the modal surface in Fig. 4a has evidence of distortion throughout its
surface, and Fig. 4b shows significant distortion only at the outer
edge, to meet the boundary condition.

Next, in Fig. 5, the clear aperture is adjusted to values less than
one, and the defocus Zernike mode is constructed as in Fig. 4 using
the modal transformation method. In Figs. 5a—5c, the radial behavior
is plotted for clear apertures of 0.7, 0.8, and 0.9. It is quite apparent
that for a clear aperture of 0.7, the deviation between the desired
Zernike shape and the modal surface is indistinguishable at the scale
shown.

With the clear aperture fixed at 0.7, another series of plots was
constructed for Fig. 6, again using the modal transformation method
for N =20. This series of plots show not only the intuitive
improvement in accuracy by increasing the number of modes to
actuate the surface, but they also show that the improvement is from
the interior of the clear aperture to a maximum difference at the
boundary of the clear aperture.

Figure 7 captures the information from both Figs. 5 and 6 on a
single graphic. The log of the surface error is shown to decrease with
an increased number of actuated modes and a decreased clear
aperture. For example, to get the level of error equal to 0.01, either set
N =1 and the clear aperture to 0.09 or set N =20 and the clear
aperture to 0.75.

For the structural engineer, these results may be transformed into
design criteria for construction of a deformable mirror. Beginning
with a desired optical surface-error budget and a desired radius of the
aperture region, the engineer may choose to actuate a greater number
of vibration modes or to reduce the clear aperture to achieve the

4
—Modal surface
- --Zernike
2 |
=
N e
0
-2
0 0.5 1

r
b) Modal transformation (N=20)

Fig. 4 Modal representations of the axisymmetric defocus Zernike.
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Fig. 5 Impact of the clear aperture on representation of the defocus Zernike by the first 20 axisymmetric vibration modes using the modal

transformation for N = 20.
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Fig. 6 Impact on the representation of defocus Zernike by varying N.

desired performance. Actuating the number of modes (within the
error budget) will be limited by the fineness of the available surface
actuators and the computing and energy requirements. With a fixed
reflective area predefined, decreasing the clear aperture will
effectively increase the radius of the overall structure, with whatever
associated weight penalties that entails. However, it is aptly
demonstrated that setting a clear-aperture region to an arbitrary
value, such as 80%, is neglecting the design optimization that could
be performed by the engineer.

VI. Example: Finite Element Model

One of the primary goals of this research was to develop a control
methodology for the in-plane-actuated structure. To show the ability
of the modal transformation method to perform this function, two
case studies in static control are offered.

In the first case study, a 61-actuator finite element model based
upon the geometry of a deformable mirror under development at the
Air Force Institute of Technology (AFIT) is constructed in
MSC.Nastran. Experimental hardware results of 7-actuator versions
of the mirror have been previously reported [18-20]. The

S
L
(2]
S =Bl [ LSS v
-
L) o
9 :
% 0.5 1

Clear Aperture

Fig. 7 Surface error of defocus Zernike versus clear aperture with
varying N.

developmental-mirror electrode pattern is shown in Fig. 8; however,
the hardware example is not as yet fully implemented: thus, the use of
finite element models. The modal transformation method is used to
form a Zernike-mode surface, and the results are compared with a
single iteration of a competing methodology using the projection of
the desired surface deflection.

In the second case study, a hypothetical deformable mirror with a
finely actuated electrode pattern in which the voltage is variable at
every grid point in the finite element model is used to demonstrate the
ability of the modal transformation method when used in an iterative
scheme to form high-quality low-order axisymmetric and
nonsymmetric Zernike modes.

Fig. 8 Example electrode pattern (mirror under development).

unimorph
Fig. 9 Piezoelectric in-plane unimorph actuation.
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Table 5 Actuator locations for 61-actuator 0.0624-m-radius model

Inner radius, m Outer radius, m

Azimuthal divisions

Degrees per division

0.0071 1 360
0.0071 0.0212 6 60
0.0212 0.0353 12 30
0.0353 0.0494 18 20
0.0494 0.0622 24 15
Table 6 Material properties
Parameter Silicone PVDF Units
Young’s modulus 1.013 4000 10°N/m?
Poisson’s ratio 0.497 0.3
dy — 23 107"*(m/m)/(V/m) or (C/m?)/(N/m?)
Thickness .0015 52.0E—-6 m
The membrane-mirror surface is deflected by the electrode regions where
by unimorph in-plane actuation. Voltage induces a strain in a
piezoelectric-layer offset from the neutral axis, inducing a surface
. . . . . E d31 1
curvature. A visual depiction of the actuating methodology is shown M= — || —=|hV; 57
in Fig. 9. 1—v e\ 2

A 61-actuator region is sufficient to show the validity of the
control algorithms presented in this paper. In lieu of experimental
data, a high-order finite element model of the AFIT deformable
mirror was chosen to provide simulated results.

A. Sixty-One-Actuator Finite Element Model

A finite element model of the AFIT deformable mirror testbed was
created in MSC.Nastran. The model used the same dimensions as the
experimental hardware, except instead of 7 actuating regions as
currently configured in the lab, the surface was divided into 61
actuating regions. This increase in actuator density provides greater
controllability for this demonstration and is the object of future
efforts in experimental designs. The 3601-node model was
composed of 3384 CQUAD4 elements and 72 CRIA3 composite-
plate elements. The substrate and actuating layers were modeled, and
the gold reflective layer and copper—nickel electrode layers were
considered to be negligible. Piezoelectric forcing was introduced
using the linear piezoelectric-thermal analogy [21] at the locations in
Table 5. For the purposes of this example, the directionality of the
piezoelectric dielectric constants was removed. Material properties
are presented in Table 6.

A uniform edge tension was applied using an enforced-
displacement boundary condition in the radial direction. Using a
nonlinear static solution, the stiffness of the model was then updated,
and an equivalent thermal load was introduced to simulate voltage
application at the various actuator locations.

The out-of-plane surface displacements were extracted for
analysis. Zernike coefficients were calculated for the area inside of
the clear aperture, which could then be used to formulate conclusions
about the behavior of various control methodologies.

B. Static Control Methodology for Membrane Mirrors

To provide a competing methodology for computing actuation
voltages for static surface control of the Zernike polynomials and to
calculate the vibration-mode shapes in this region, the deformable
mirror was modeled as a fixed-boundary membrane structure. The
forcing functions were modeled to be consistent with existing smart-
structure theory, in which the piezoelectric loads are simply line
moments acting along the actuator boundary. For a complete
derivation of the theory, the reader is referred to Nayfeh and Pai [22].
With plate and nonlinear in-plane tension effects neglected, the
governing equation for the deformable mirror with J actuators is

J
TV2u(r,6) = MV? ) Fi(r.6) (56)

i=1

T is membrane tension, E is the substrate modulus, v is the substrate
Poisson constant, d5, is the piezoelectric constant, 7 is the thickness
of the piezoelectric layer, 4 is the distance of the actuator from the
composite-structure neutral axis, and V; is the voltage across the
electrodes. Note that we have assumed a negligible structural
contribution of the piezoelectric layer to the deformation of the
surface.

For our example, F; is the area of electrode, as shown in Fig. 10.
The ith region may be defined through Heaviside functions with
radial boundaries £V and &F and azimuthal boundaries ¢Y and ¢%:

Fi(r.0) ={H(r— &) —H(r— &)} -{H(® - ¢7) — H(O - ¢)}
(58)

Therefore, it is quite obvious that solutions to the partial
differential equation are simply a series of scaled-step functions
corresponding to the applied voltage on the actuated electrode. We
later take advantage of the orthogonal nature of the solution. For a
unit voltage, these shapes are defined here as W; modes. To obtain a
desired shape on the membrane surface, it is simply a matter of using
the projection theorem to find the individual actuator gains.

For the direct projection method of control, the desired Zernike is
constructed directly from the W mode shapes. In the proposed modal
transformation method, the W mode shapes are actuated to replicate
the membrane vibration-mode shapes, and then the transformation
constructs the desired Zernike surface on the clear-aperture region
using linear combinations of the approximated vibration-mode
shapes. Again, it is emphasized that the modal transformation
method always satisfies the fixed-edge boundary conditions, and
further limits steep transitions if the Zernike modes are implemented
on the interior clear-aperture region.

¢t

Fig. 10 Equation (58) ith actuator boundaries.
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Fig. 11 Pseudocode for computing the voltages in Figs. 12a and 12d.
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Fig. 12 Direct projection (top) versus modal transformation method (bottom); FEM denotes the finite element model.

C. Static Control Simulation and Results

In the simulation example, voltages were applied to the
MSC.Nastran nonlinear finite element model. The desired shape was
a simultaneous surface deflection corresponding to the axisymmetric
Zernike defocus mode and the nonaxisymmetric tilt mode associated
with cos(6). The clear-aperture region was set to 0.78 inside the
boundary of the last ring of actuators. A logic flowchart depicts these
operations in Fig. 11. In the direct projection method, the Zernike
shapes are constructed in the clear aperture from a linear combination
of the actuator W modes. In this application of the modal
transformation method, the vibration-mode shapes are approximated
using the projection theorem to form linear combinations of actuator
modes, and then those shapes are used in the modal-transformation-
method algorithm using Eqgs. (40-42). In the figure, indices i
correspond to actuator mode, j correspond to vibration mode, and k

corresponds to the desired Zernike surface. In this modal
transformation method, the value of N was set to 20, and the
number of actuated vibration modes at a given azimuthal frequency
was limited to five. This limit corresponded to the number of
actuation rings and thus to the maximum number of zero crossings
that was theoretically obtainable. The value of N ensured that the
truncation error of Eq. (31) would be negligible.

The voltage inputs V(x,y),= finite-element-model simulation
results w(x, y), and absolute-error difference E(x, y) of the desired
surface versus the simulated surface are provided for both the direct
projection and modal transformation methods for obtaining
simultaneous defocus and tilt Zernike-mode shapes across the

**The Cartesian coordinates are used for the plotted surfaces. For
translation to cylindrical coordinates (r, 0), x = rcos() and y = rsin(6).
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clear-aperture region in Fig. 12. The clear-aperture region is
indicated by a black line at 0.78 of the surface radius.

When calculating the voltage inputs for the 61 actuation regions in
Figs. 12a and 12d, there was a slight scaling error between the
competing methods, and so the voltage was adjusted by a constant to
achieve similar deflections. All other responses were linear for the
micron-level surface displacements in this simulation, correspond-
ing to input voltages between —500 to 500 V [the practical limit for
polyvinylidene difluoride (PVDF) material].

The surface deflection and error plots are compared in the
remaining plots of Fig. 12. To calculate surface error, the desired
defocus and tilt coefficients were subtracted from the generated
surface inside of the clear-aperture region. The piston mode was also
neglected: it is of no consequence in optical systems, as it is generally
not measurable and does not affect the mirror’s optical performance.

Although the absolute-error plots in Fig. 12 give some idea of the
performance achievable using the modal transformation method, a
breakdown of the surface terms by Zernike coefficients is presented
in Figs. 13a and 13b. In both graphs, the desired (and achieved)
Zernike coefficient was normalized for approximately 1 x 107° to
one. The next three Zernike coefficients for the next three higher
radial orders at the same azimuthal frequency were then normalized
and plotted. The coefficients (and thus contribution to the error) for
the sin terms and the higher azimuthal frequency terms (such as
cos 26, cos 36, etc.) were not significant and thus are not presented.

‘When comparing the modal transformation method with the direct
projection method in Figs. 13a and 13b, the advantage of the modal
transformation method is evident. The error, which shows as nonzero
coefficients in the first- and second-higher-order modes of both the
symmetric and nonsymmetric modes, is lower for the modal
transformation method. Only for the third-highest radial-order mode
does the direct projection method show a slight advantage, although
the relative error at that high radial frequency in either case is low.

The overall effect is that the modal transformation method may be
used to generate Zernike data inside the defined clear-aperture region
with less error than when using a competing strategy. The other
significant conclusion is that to apply the modal transformation
method, actuated regions must occur outside of the clear-aperture
region, thus increasing the complexity of the system. In this example,
39% more actuators were required when using the modal
transformation method, which would require an attendant amount
of power and system integration. However, it is the opinion of the
researchers that the performance gain and the resulting decrease in
the overall diameter of a mirror structure would far outweigh the
increase in complexity. A systems-level trade study is foreseen as a
potential future effort.

D. Finely Actuated Finite Element Model

A second finite element model was built to showcase the absolute
advantages of the modal transformation method when used in
conjunction with a hypothetically achievable in-plane-actuated
deformable membrane mirror. For this model, the previous example
was modified. The silicone layer was replaced by an inert substrate of
thickness and material properties equal to the PVDF layer, resulting
in a very thin (104 pum total thickness) mirror. The electrodes were
replaced by a voltage distribution field at each finite element grid

0.5

Normalized Coeff

Normalized Coeff

2 4 6 8 1 3 5 7
Polynomial degree, n Polynomial degree, n

a) Axisymmetric modes (m=0) b) Nonaxisymmetric modes
corresponding with cos 6
behavior (m=1)

Fig. 13 Comparison of normalized Zernike-mode coefficients.

point, and the number of grid points was increased to 9001. This
would be representative of a finely actuated grid such as that
conceived to be manufactured with microelectromechanical system
techniques or remotely actuated by an electron gun.

A simple iterative technique was used to control the structure, in
which the desired Zernike-mode error signal was summed and sent to
the modal transformation method to correct voltage fields as the
summation of the appropriate Bessel-based mode shapes. Again, the
clear aperture was 0.78. The number of actuated modes was N = 20.

To obtain a desired bound on the error, it was first necessary to
determine the ability of the finite element model to statically replicate
the Bessel-based vibration-mode shapes. Voltage patterns V, (r, 0) in
the form of statically actuated axisymmetric (m = 0) Bessel-based
vibration-mode shapes were applied: that is,

V,(r,6) = 300W° (59)

The surface error of the highest spatial frequency (N = 20) was
recorded and normalized and then the piston error of 0.42 was
removed (note that the error at the fixed boundary was zero before
removing this error term). The error is presented in Fig. 14. It was
found that the surface error (neglecting piston effects) for the n = 20
mode was less than 0.02 times the reference shape inside of a clear
aperture of 0.78R, except in a small region of radius of 0.005 m. In
Fig. 7, a similar error of 0.02 for N = 20 is also achieved at a clear
aperture of 0.78. Thus, the order of the control system was chosen as
N =20, the clear aperture was set to 0.78R, and the expected
performance (assuming that the errors are additive in nature) was to
achieve Zernike-mode shapes with error on the order of 0.04 times
the commanded shape.

A simple iterative technique was used to control the structure, in
which the desired Zernike-mode error signals of the four lowest-
order modes were summed and sent to the modal transformation
method to correct voltage fields. A schematic of the control diagram
is presented in Fig. 15. For the data presented, the iterative loop was
allowed to run through four cycles to refine the solutions. Future
constructs could be provided to weight the measured Zernike outputs
as necessary. This demonstration is intended to show the reduced
spillover into other low-order modes, but further proof of
convergence or stability is not attempted.

For the simulations, the first four axisymmetric modes (rm = 0 and
n=1{2,4,6,8}) beginning with defocus and the first four
nonsymmetric modes [with an azimuthal behavior of m =1,
(cos ), and n = {1, 3,5, 7}] beginning with tilt were commanded.
The magnitude of the Zernike polynomials was such that the
maximum absolute deflection at the edge of the clear aperture was
1 pm (roughly the order of one wavelength of light at 633 nm). The
results of this series of simulations are presented in Fig. 16.

From the results presented, it may be seen that the in-plane-
actuated mirror can reproduce Zernike surfaces when actuated in
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Fig. 16 Closed-loop simulation results.

accordance with the modal transformation method. The greatest
absolute error in spillover was found in the Zernike mode
corresponding tom = 1 andn = 1 whenthe mode m = 1 andn =17
was actuated. The value of the absolute error was 0.0475 pm, very
nearly matching the expected absolute error.

VIIL

The static shape control of a membrane mirror was explored.
Development of a methodology that prescribes the desired surface
displacement of an interior, clear-aperture region in terms of
physically achievable mode shapes was developed. In the
development, surface error can be seen to be a function of the
clear-aperture radius relative to the mirror radius and as a function of
the number and accuracy of achievable mode shapes, themselves
functions of the fineness of the actuating grid.

In the example presented, a nonlinear finite-element-model
simulation of deformable circular mirror with 61-piezoelectric
unimorph actuators showed the advantages of the proposed modal
transformation method to determine actuator gains to create a desired
surface when compared with a direct projection method based solely
on solving the governing membrane equation.

Areas of further research as a direct result of questions posed in this
paper include further efforts to accurately (and simply) model the
structure to obtain the piezoelectric-actuated vibration-mode shapes
essential to the use of this method. Also, the need to invert the modal
transformation matrix as presented in Sec. V for higher-order
systems may require more advanced techniques.

Despite these areas of further research, the methods presented
herein should be suitable for incorporation in the control schemes of
larger-scale structures, and although presented for the continuous
circular mirror, there is nothing in the method presented that prevents
a similar strategy from being developed for annular or parabolic
reflectors.

Greater complexity in the system due to the increase in the number
of actuators and the subsequent increased power requirement appears
to be the main tradeoff for the increased accuracy in quasi-static
surface-deflection performance when applying this control method-

ology.

Conclusions
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